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TURBULENT FLOW OF SLUDGES IN PIPES 


I. INTRODUCTION 


| 1. Statement of Problem.—lIt is generally known and has been 
_ shown by numerous authors! * 4* that two distinct types of flow 
occur when a sludge is caused to flow in a circular pipe. These 
two types of flow have been termed laminar flow and turbulent 
flow. The flow is said to be laminar when the particles of flowing 
sludge move in straight lines parallel to the sides of the pipe. The 
flow is said to be turbulent when the direction and magnitude of the 
velocity vectors of the flowing particles vary with time.> 

Laminar flow relationships for various sludges have been studied 
at the University of Illinois Sewage Research Laboratory and the 
results and conclusions, together with equations for predicting fric- 
tion loss due to sludge flowing in a circular pipe, have been published 
in Bulletin 319 of the Engineering Experiment Station.! It has been 
pointed out! ?)* that turbulent flow of sludge in the higher velocity 
ranges resembles the turbulent flow of other liquids. In Fig. 1 the 
friction head loss is plotted logarithmically against the mean velocity 
of flow for various sludges and for water, flowing in a %%-in. pipe. 
The figure shows that above the critical velocity at which laminar 
flow changes to turbulent flow, the lines representing the relation 
of head loss to velocity are approximately straight and approximately 
parallel. The fact that the lines are almost straight above the 
critical velocity suggests the possibility of an exponential relation 
between head loss and velocity. The possibility of plotting the 
sludge flow data on a diagram similar to the friction-factor chart 
or Reynolds-Stanton diagram is also suggested. 

The relation between head loss and velocity for the turbulent 
flow of sludge through pipes is not known. The relation has been 
formulated empirically by some industries using certain types of 
sludge. For example, in oil well drilling, mud is used as a circulating 
medium to hold down gas pressure and bring up the cuttings of the 
drill bit. Various methods and formulas are in use for estimating 
the friction loss as the drilling mud flows through the drilling 
machinery, but the formulas are empirical, derived for a certain 
mud, and good only for that mud. Practice in the design of ma- 
chinery and pipes for conveying sewage sludge now utilizes empirical 


*Index numbers refer to items in bibliography. 
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formulas in which a factor of safety large enough to outweigh errors 
in the assumption of the viscosity of the sludge may be introduced. 


2. Object and Scope of Investigation.—The investigation reported 


in this bulletin carries on the work reported in Bulletin 319. The 
latter deals with the laminar flow of sludge in circular pipes and 


the 


upper limiting velocity at which laminar flow changes to turbu- 


lent flow. 


The object of this investigation was to formulate the factors 


affecting the turbulent flow of sludge and, if possible, to present, 


for 


various types of sludge, data which could be used in the design 


of pipe lines and pumping machinery for conveying various types 
of sludge. In addition, it was expected that tests to supplement 
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those reported in Bulletin 319 covering wider ranges in the variables 

_ would provide additional information of value. 

. In order to test the validity of equations developed for tur- 
bulent flow it was necessary to carry the tests to velocities of flow 

far above those normally encountered in practice. The apparatus 

to do this required the use of pumps and power of other types than 

those usually used for sludge pumping. 


: 3. Acknowledgments—The tests herein described were made as 
part of the work of the Engineering Experiment Station of the 
University of Illinois, of which Mrtvin L. Encer, Dean of the 
College of Engineering, is director, and of the Department of Civil 
Engineering, of which Pror. W. C. Hunrineron is the head. 
Some of the labor involved in building the apparatus and in 
performing the routine duties connected with the tests was done by 
students employed through the National Youth Administration. 


4. Nomenclature——The nomenclature used throughout this re- 
port is as follows: 
C = coefficient of roughness in Hazen and Williams formula 


D = diameter of pipe, feet 
ey 
f = friction factor in the expression H = f Sait 
g 


g = acceleration due to gravity, feet per second per second 
H = difference in static head between two points in a pipe, feet 
of flowing substance 
H., = difference in static head between two points in a pipe, feet 
of water 
L = length of pipe, feet 
Q = rate of flow, cubic feet per second 


R = radius of pipe, feet 

Re = Reynolds number DVp/y, dimensionless 

S, = shearing stress in a flowing material at the boundary or 
pipe wall, pounds per square foot 

S, = shearing stress at the yield point of a plastic material, 


called yield value, pounds per square foot 
V = mean velocity of flow in a pipe, feet per second 
V. = critical velocity, feet per second 
V,. = lower critical velocity (Re = 2000), feet per second, or 
minimum probable value of V. 
Vue = upper critical velocity (Re = 3000), feet per second, or 
maximum probable value of V. 
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uw = coefficient of viscosity, pounds per foot second 
n = coefficient of rigidity, pounds per foot second 
p = density of flowing substance, pounds per cubic foot 
W = weight of a cubic foot of water, pounds 


The system of units employed herein assumes four primary 
units and dimensions. These are: for mass, the mass pound; for — 
force, the force pound; for length, the foot; and for time, the second. 
The mass pound is equal to the pound avoirdupois. The force 
pound is the force which will give one mass pound an acceleration 
of 32.1740 ft. per sec. per sec. regardless of the value of gravity in 
the locality. A mass pound is equivalent to a slug in the gravita- 
tional system, divided by 32.1740. A force pound is equivalent 
to 32.1740 poundals in the absolute system of units. 


5. Laminar Flow and Critical Velocity—As a result of the in- 
vestigations reported in Bulletin 319 it was found that the charac- 
teristics of a sludge could be completely defined, as far as laminar 
flow frictional losses were concerned, by two constants. These 
constants are the yield value S, and the coefficient of rigidity yn. It 
was found that the laminar flow factors could be formulated as 


gD 4 1 i 
VS | Sh a 1 
nh La wt 3 (1) 


which could be further reduced in some eases to 


H = 32] yy 1 | 
L 6pD gpD? (2) 


The critical velocity, or the velocity at which laminar flow 
changes to turbulent flow, was found to occur within a certain range 
of velocity. The lower critical velocity, below which the flow will 
always be laminar, was formulated as 


f 


DS 
10007 + 1000 | bps Se 
3000 


Vi = 
I Dp (3) 


“In Bulletin 319 this equation was written as Equation (11) on page 15 in the approximate 


4D 4 WISE: |b F 
form V = Bl s Tig, Sy + = #| in which the coefficient of g was taken as 32. This approxi- 


mate form is numerically correct. It would be dimensionall. i i 

c nun y correct if the terms on the right hand 
side were multiplied by one ft. per sec. per sec. because the value of g, which is approvimately qmeGrn 
32 ft. per sec. per sec., has been replaced by the dimensionless coefficient 32. 


et 


ed 
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TABLE 1 
CHARACTERISTICS OF SLUDGES TESTED 


Sludge Sy n Specifi p Percentage] Percentage 
lb. per lb. per RESIS lb. per Moistur i Type of 
o: sq. ft. ft. sec. Gravity ane. by an apy Sludge 
1 0.90 0.015 1:21 75.6 70.2 29.5 Clay suspension 
2 0.60 0.015 1.20 75.0 13.5 26.5 Clay SDspenelon 
3 0.44 0.011 1.18 73.8 75.0 25.0 Clay suspension 
4 0.29 0.010 1.16 72.5 76.7 23.3 Clay suspension 
5 0.19 0.008 1.16 72.0 79.7 20.3 Clay suspension 
6 0.082 0.006 1.12 70.0 83.9 16.1 Clay suspension 
7 0.13 0.013 1.03 65.0 92.2 7.8 Sewage sludge 
(digested) 


The upper critical velocity, above which the flow will usually be 
turbulent in industrial piping, was formulated as 


15007 + 1500, | 1? + ae 
7 4500 


Vee = Dp (4) 


In a given installation it has been noted that the value of the 
actual critical velocity might occur within the range between the 
upper and lower critical velocities. The velocity at which the change 
from laminar to turbulent flow takes place is controlled by various 
factors, the principal one being the roughness of the pipe. 


IJ. Suupces TESTED 


6. Types of Sludges——At the beginning of the investigation it 
was deemed necessary to obtain a sludge whose characteristics 
would remain constant throughout all the tests so that comparable 
results might be obtained in different size pipes. The desirable 
characteristics of the sludge for these tests were decided upon as 
follows: (a) the sludge particles must remain in suspension so that 
appreciable settling is avoided; (b) the sludge must be a true plastic, 
as otherwise the yield point is difficult to detect; (c) sludge particles 
must be of a character which will not cause wear in the gears of a 
rotary pump; (d) sludge particles must not disintegrate on pro- 
longed agitation; and (e) the sludge must not exhibit thixotropic 
properties. Requirements (a) and (b) may be conflicting, because 
particles which stay in suspension are likely to be colloidal, and 
cause the sludge to show pseudoplastic properties. 
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Fig. 2. VARIATION OF YIELD VALUE WITH CONCENTRATION OF SUSPENDED 
Matter ror TENNESSEE BALL CLAY 


It was found that a ball clay, mined in Tennessee, most nearly 
satisfied these requirements. The clay remained in suspension for 
several hours, and yet did not exhibit colloidal properties to such 
an extent that the yield value and coefficient of rigidity of the sludge 
were obscured. a 

After the preliminary relationships had been established using 
the ball clay, a sewage sludge was obtained and tests were made on 
it to show the applicability of the relationships to different types of 
sludge. 


7. Variation of Yield Value and Coefficient of Rigidity—The ball 
clay was mixed with water to a consistency as thick as the pumps 
could handle. This material was then run through the test pipes, 
and measurements of its density, yield value, coefficient of rigidity, 
per cent solids, and temperatures were observed. The mixture was 
then diluted with water and the tests were repeated. Eight different 
mixtures, or sludges, with different yield values, densities, etc., 
were tested. Table 1 lists the characteristics of the various sludges 
tested. Figure 2 shows the variation of yield value with the con- 
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centration of suspended matter for the Tennessee ball clay used 
in the tests. The line in Fig. 2 shows that, for this ball clay, the 
yield value may be obtained from the percentage concentration of 
clay by the following formula 


Sy = 109-078¢—2.32 (5) 


where C = per cent, by weight, of the concentration of: solids in 
the sludge. - 


8. Evidence of Thixotropy During Tests.—Because the clay was 
usually circulated for from three to four hours during a test, it was 
necessary to have a material which did not exhibit thixotropy. 
Thixotropy is the property, or phenomenon, exhibited by some gels 
of becoming fluid when shaken. The change is also reversible. 
Tests were made on the clay mixture to determine if the material 
had thixotropic properties. Several measurements of friction loss 
at various velocities of flow were made as soon as possible after the 
pumps were started. Measurements were again made after the 
pumps had been running for four hours. This procedure was re- 
peated several times. During each repetition the friction losses, 
for a constant velocity, were constant, regardless of the amount of 
agitation of the sludge. It was concluded, therefore, that the clay 
mixtures used were not thixotropic. 

Because of the nature of sewage sludge it might be expected 
that it would exhibit thixotropy. This was shown by Hatfield® and 
others.7 In order to stabilize the characteristics of the sludge and 
to reduce the effect of thixotropy during a test the sludge was 
circulated for two hours before measurements were taken. It is 
to be expected that similar results will be obtained by repetitions 
of the test on sludges with similar characteristics. 


III. APPARATUS 


9. Essentials of Apparatus.—In order to find the relation between 
the factors involved in turbulent flow it was necessary to construct 
an apparatus to fulfill the following requirements: (a) to deliver 
sludge to the upstream end of the test pipe at any desired velocity 
ranging from velocities less than critical to velocities well above 
those normally encountered in practice; (b) to maintain an even 
rate of flow of sludge in order to avoid fluctuations in head loss; 
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and (ce) to develop sufficient pressure to force the thickest sludge 
through the test pipe at velocities of 35 feet per second, or less. 
The limiting velocities chosen were approximately 0.5 feet per | 
second to 35 feet per second; to obtain such velocities in the 1-in.,~ : 
2-in., and 3-in. pipes tested, rates of flow between one gallon per : 
minute and 500 gallons per minute are required. 

The apparatus illustrated diagrammatically in Fig. 3 met these 
requirements with the exception that the maximum velocity ob- 
tainable in the 3-in. pipe was 30 feet per second. This apparatus 
built at the Sewage Testing Laboratory at the University of Illinois 
consisted of the following essential elements: (a) a variable speed 
motor; (b) constant displacement pumps of the rotary type to re- 
duce pulsations in the gage; (c) a series of several quickly inter- 
changeable test pipes; (d) a mercury gage of sufficient capacity to 
measure a loss of head of approximately 100 feet of water; and 


(e) a weighing scale and a calibrated measuring tank for discharge 
determinations. 


rr 
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Fic. 4. Rotary Pump 


10. Variable Speed Motor.—From a preliminary study of the 
pressure demanded it was found that approximately 30 horsepower 
would be required to drive the pumps at their maximum discharge 
and maximum pressure. Since a variable-speed electric motor of 
30 horsepower was not available, a six-cylinder gasoline motor was 
obtained. The motor with radiator, transmission, and clutch were 
taken from an automobile. The rated brake horsepower of the 
motor was 27.9. Since a gasoline motor develops power approxi- 
mately proportional to its speed it was assumed that 30 horsepower 
could be obtained from this motor by allowing it to run at a higher 
speed than its rated speed of 2500 revolutions per minute. 
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Fic. 5. Pump ARRANGEMENT 


The motor transmission was connected to a central drive shaft 
from which the pumps were driven by belts, three pumps being on 
one side of the shaft and two on the other, as shown in Figs. 4 and 5. 


11. Pumps.—The rotary type pump, Fig. 4, was found to be 
satisfactory for pumping sludge at constant velocity through a test 
pipe and was used on the apparatus. Since it was desirable to have * 
a flexible pumping unit for velocity regulation, five rotary pump 
units were used. The capacity of each pump was 100 gallons per 
minute at 300 revolutions per minute. The gear ratio between the 
motor and the pumps was such that the motor ran at approximately : 
2500 revolutions per minute when the pumps were running at 300 : 
revolutions per minute. | 


12. Test Pipes.—Pipes through which the sludge was pumped 
ranged in size from 14 inch to 3 inches in diameter. All pipes 
_ were new standard black steel taken from stock. Test lengths were 
21 feet for the l-in., 2-in., and 3-in. pipes, and 10 feet for the 14-in. 
pipe. As shown diagrammatically in Fig. 3, the lengths of pipe 
upstream and downstream from the test length were at least 40 


pipe diameters, assuring steady flow conditions through the test 
length. 
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TABLE 2 
Divensions or TEst Pires 


Nominal Actual In- Actual In- 


pre | eee | ee | ie | ame” | ape 
oF anit te sq. in. sq. ft. ft. 

% 0.622 0.0518 0.304 0.00211 10.00 

1 1.05 0.0875 0.864 0.0060 20.88 

2 2.07 0.173 3.355 0.0233 20.88 

3 3.07 0.256 7.393 0.0512 20.88 


The interiors of the l-in., 2-in., and 3-in. pipes all appeared 
smooth and without appreciable mill scale. The interior of the 
l4-in. pipe was the roughest of those tested. It was later found 
that the friction factors were higher for the 4-in. pipe than for the 
other three sizes. As a protection against corrosion throughout the 
duration of the tests, disconnected test pipes were kept full of 
sludge and the ends securely closed. 


13. Gage Connections.—Since the gages used were of the two- 
liquid, differential type, it was necessary to take precautions to 
keep the sludge flowing in the test pipe from entering the gage via 
the gage connections. The combination gage connection and mud 
trap used in previous experiments described in Bulletin 319 was 
used in these tests. The gage connection proved itself most satis- 
factory during this investigation, and at no time was trouble en- 
countered from sludge entering the gage. 


14. Gages—Two gages were used during the tests. The smaller 
gage, shown in Fig. 6(a), is an air-water differential gage. Air is 
introduced over the two legs so that the meniscus in each leg appears 
on the measuring face. Then, since the pressure is the same over 
each leg, the difference between the elevations of the two menisci 
is a direct measure of the friction loss in terms of head of water 
for the test length. The larger gage, shown in Fig. 6(b), is a dif- 
ferential gage with mercury and water in each gage column. A 
constriction was provided at the bottom of the gage to reduce pul- 
sations in the gage due to surges from the pumps. The frictional 
loss is obtained from the differential pressure between a column of 
mercury and a column of water equal in length to the gage reading. 

The smaller gage was used for low rates of flow with thin sludge 
or water as the flowing material. The mercury-water gage was 
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Fic. 6. Drackam or GAGES 


used for thick sludges and high rates of flow. The latter gage was 
constructed to measure a pressure drop of approximately 50 pounds 
per square inch, which is equivalent to a hydraulic gradient of 
approximately 10:1 for a ten-foot test length. 

A difficulty encountered at the beginning of the tests recut 
from the pulsation of the pumps causing the gage to indicate fric- 
tion losses greater than actually oceurred. This was particularly 
noticeable at low velocities of flow in the larger pipes. The mer-~ 
cury-water gage as constructed had a constriction at the bottom 
of the U, to reduce oscillations in the mercury, as shown in Fig. 6(b). 
The gage, being located at the upstream end of the test pipe, re- 
ceived the surge from the pump on the high pressure leg first, as 
shown at A in Fig. 6. The mercury in this leg was, therefore, forced 
down by the surge, the constriction in the U tube preventing the 
mercury from returning before another surge came from the pump. 
The result was that the indicated mercury head was continually 
built up in one leg by the surging, causing the gage reading to be 
always greater than it should be. This trouble was eliminated by 
making the gage line from the upstream gage connection, A, Fig. 3, 
equal in length to the gage line from the downstream gage connec- 
tion, B. With gage lines of equal length, the surges from the pump 
were transmitted through the sludge in the test pipe and the water 
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Fic. 7. CALrprATED TANK Usep To MeASuRE VELOCITY OF Fiow in Test PIPES 


in the gage lines to arrive in each leg of the gage at the same instant; 
thus the surge effect in one leg was cancelled by the surge effect 
in the other leg. 


15. Sludge Return Pipe Submergence.—When the contents of the 
measuring tank were dropped through the air into the main sump, 
air bubbles were entrained in the sludge. These entrained bubbles 
were then sucked up by the pumps and delivered to the test pipes; 
the result was a sludge of variable and uncertain characteristics. 
This difficulty was overcome by discharging the returned sludge 
through a pipe opening below the surface of the sludge in the main 
sump. The introduction of bubbles into the sludge was carefully 
guarded against by avoiding surface agitation. Bubbles, once intro- 
duced into a thick sludge, do not rise until they become large enough 
for their buoyant force to overcome the yield value of the sludge. 


16. Rate of Flow Determinations —Facilities were provided for 
measuring rates of flow between 10 pounds of sludge per minute 
and 7000 pounds per minute. For rates of flow between 10 and 
1000 pounds per minute the discharge was weighed. The velocity 
of flow could be calculated from the weight of material collected, 
its known density, and the pipe diameter. For rates from 1000 to 
7000 pounds per minute the discharge was measured volumetrically 
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in a container 6 feet in diameter and 4 feet deep, as shown in Figs. 
3 and 7. Care was taken during a test to collect sludge to a depth 
of at least 3 feet in order to reduce the percentage error in the 
measurement of depth. Depth of sludge was read to the nearest 
one-hundredth of a foot on the scale shown in Figs. 3 and 7. 


IV. PRocEDURE AND TESTS 


17. Procedure——A complete test in each pipe required the de- 
termination of the friction loss at various velocities of flow ranging 
from 0.5 foot per second to the maximum limit for the apparatus, 
which was about 35 feet per second. The velocities of flow were 
controlled by regulating the speed of the motor and the number 
of pumps in operation simultaneously. The time required to collect 
a known volume of sludge was measured by means of a stop watch 
reading to 0.1 second. The procedure in the tests on sludges and 
on water was the same. 

Observations were made with each of the eight sludges tested 
in each of the four test pipes. The time required to make a run 
in one test pipe and to change the apparatus for the next test pipe 
was approximately five hours. In addition to making the runs in 
the test pipes, characteristics of each sludge, such as density, per- 
centage moisture, etc., were measured. 


18. Calibration Tests—In order to determine the roughness of 
the test pipes, runs were made with water, in which the following 
factors were observed: velocity of flow, head loss, density, and* 
temperature. Results of these runs are compared on the friction 
factor-Reynolds number chart shown in Fig. 8. The friction factors 
for the 1-in. and 2-in. pipes are on the line predicted for the new 
commercial black steel pipe. The 3-in. pipe has slightly smaller 
friction factors than the 1-in. and 2-in. pipes, indicating a smoother 
interior. The )-in. pipe was noticeably rougher, and the friction 
factors were found to be correspondingly higher. 


19. Observations Made.—A typical sheet from a test run is shown 
in Table 3. The data taken for a complete run in one pipe included 
the temperature of the sludge at various intervals of time, the 
gage readings, the velocity-measuring apparatus readings, the time 
to collect the indicated quantity of sludge, the number of pumps 
operating, and any remarks such as the appearance of the critical 
velocity noticed by erratic readings of the gage. 
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V. Test Data 


20. Method of Plotting Test Data. —The method adopted for 
plotting the test data to study the relationship of the various fac- 
tors affecting the friction loss was to construct a friction factor 
chart, as shown in Fig. 9. It was found that, when evaluating 
Reynolds number, DV p/p, if the viscosity of the dispersion medium 
were used as p the friction factor chart, obtained by plotting fric- 
tion factor against Reynolds number, correlated data for all the 
materials tested ranging from pure water to the thickest sludge. 
For most industrial sludges the viscosity of the dispersion medium 
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TABLE 3 


TyricaL Dara rrom Test Run 


Sludge No. 4; yield value, 0.29; specific gravity, 1.16; diameter of pipe, 1 inch; coefficient of 
rigidity, 0.010; percentage solids, 23.3; temperature 18 deg. C. 


Gage Readings Ka Fi 
. A 100H elocity V 'p 
No. bis Peau ae Sop | Ste Dee I sony; Ib. per R. f 
Up- | Down- urn 2 sec. sq. ft. 
stream | stream 

1 9.9 3.3 13.2 20 55.2 22.6 0.84 2.4 0.36 

2 12.0 4.4 16.4 50 64.4 28.1 1.80 5.2 0.44 

3 1207 ail 17.8 50 39.3 30.5 2.94 8.4 0.48 : 

4 13.3 5.8 19.1 50 27.4 32.6 4.22 | 12.1 0.52 Laminar 

5 13.8 6.3 20.1 50 21.5 34.4 5.38 | 15.4 0.54 Flow 

6 14.4 6.9 21.3 100 34.7 36.5 6.66 | 19.1 0.58 

7 14.8 7.3 22.1 100 30.7 37.8 7.54 | 21.6 0.60 

8 15.1 iad 22.8 100 28.4 39.1 8.14 | 24.3 0.62 

9 15.9 8.5 24.4 100 24.6 41.8 9.40 | 26.9 0.66 84 000 | 0.0268 
10 16.8 9.4 26.2 100 22.7 44.9 10.2 29.2 0.71 91 000 | 0.0244 
11 Wr Sze 10.3 28.0 150 32.5 48.0 10.7 30.6 0.76 96 000 | 0.0239 
12 19.3 12). 31.4 150 30.8 53.8 11.3 32.3 0.85 101 000 | 0.0239 
13 21.3 14.0 35.3 150 28.2 60.5 12.3 35.2 0.96 110 000 | 0.0224 
14 23.2 16.0 39.2 150 26.6 67.2 13.1 37.5 1.06 111 000 | 0.0220 
15 25.2 18.0 43.2 150 25.2 74.1 13.8 39.5 a is lyf 123 000 | 0.0220 
16 PH hee’) 20.0 47.2 200 31.8 81.0 14.6 41.8 1.28 130 000 | 0.0216 
17 31.8 25.0 56.8 200 28.7 97.4 16.1 46.0 1.54 144 000 | 0.0212 
18 36.5 30.0 66.5 200 26.3 | 114.0 17.6 50.4 1.80 157 000 | 0.0210 
19 41.0 35.0 76.0 300 36.6 | 130.0 19.0 54.4 2.06 170 000 | 0.0204 
20 45.5 40.0 85.5 300 34.9 | 147.0 19.9 57.0 2.32 178 000 | 0.0208 
21 50.0 45.0 95.0 300 32.7 | 163.0 21.2 60.6 2.58 190 000 | 0.0204 
22 54.5 50.0 | 104.5 300 31.3 | 179.0 22.2 198 000 | 0.0204 
23 59.3 55.0 | 114.3 350 34.8 | 196.0 23.2 208 000 | 0.0204 
24 64.2 60.0 | 124.2 350 33.2 | 213.0 24.4 218 000 | 0.0200 
25 73.5 70.0 | 143.5 350 30.5 | 246.0 26.6 238 000 | 0.0196 
26 83.5 80.0 | 163.5 350 28.4 | 280.0 28.5 254 000 | 0.0196 
27 | 101.0 | 100.0 | 201.0 350 25.4 | 346.0 31.8 284 000 | 0.0192 
28 | 119.0 | 118.0 | 237.0 350 23.5 | 406.0 34.4 308 000 | 0.0188 
29 | 127.0 | 126.0 | 253.0 350 22.6 | 433.0 35.9 321 000 | 0.0188 


was found to be practically the same as that of water. In deter- 
mining the values of Reynolds number it was necessary, therefore, 
to substitute only the known quantities D, V, and p for sludge, « 
and yw for water, in the expression Re = DVp/u. ~ 

Figure 9 is the friction factor chart correlating all data taken 
in this investigation. On comparing this figure with Fig. 8, which 
was obtained from the same pipes using a true fluid (water), it is 
seen that the agreement between the two figures is good. Friction 
factors obtained from the sludges are, as a whole, slightly higher 
than those obtained for water. This fact might have been caused 
by some corrosion occurring in the pipes during the tests which 
extended over a six-month period. This agreement, however, is 
within 5 per cent, which is within the degree of precision of the 
determination of the roughness of a pipe. 


21. Method of Determining Critical Velocity—The method of 
plotting data to determine the observed critical velocity is shown 
in Fig. 10. It was found that when the friction loss, expressed in 
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feet of flowing material, was plotted on logarithmic paper against 
the corresponding mean velocity of flow, the best indication of the 
critical velocity was obtained. Figure 10 is a graph representing 
the flow data for the l-in. pipe. The critical velocities are indicated 
on the figure. Figures for the other three pipes are similar. On 
Fig. 10 the line representing the flow of water in the same pipe is 
also shown, and it can be seen that in the turbulent region, on the 
figure, the head losses expressed in feet of flowing material are 
nearly the same for all sludges tested and for water. 


22. Method of Determining Coefficient of Rigidity and Yield 
Value.—The coefficients of rigidity and the yield values of the 
sludges tested were determined graphically as described in Chap- 
ter IV, page 28 of Bulletin 319.1 Figure 11 is a diagram of 
this type in which the shear, S,, at the pipe wall due to the flowing 
material is plotted against V/4D. The slope of the line resulting 
from connecting the experimental points, for laminar flow only, is 
the coefficient of rigidity and the intercept of the same line on 
the Sp axis is 4/3 the yield value. The coefficients of rigidity and 
the yield values obtained in this way, for the various sludges tested, 
are given in Table 1. 

It can be seen from Fig. 11 that at low velocities of flow, 
that is, low values of V/4D, the experimental points tend to ap- 
proach the yield value. This tendency is shown by the exact formula 
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for laminar flow, Equation (1). For very low velocities of laminar 
flow it is probably better to use Equation (1) to compute the fric- 
tion loss, because for low velocities of flow the last term of Equa- 
tion (1) becomes appreciable with respect to the first two terms, 
and cannot be neglected as in the approximate Equation (2). For 
higher velocities the approximate Equation (2) may be used be- 
cause at higher velocities the last term in Equation (1) becomes 
negligible. 


VI. Turory oF TURBULENT FLOW 


23. Factors Affecting Turbulent Flow.—The following factors may 
be assumed to affect the friction loss of sludge in straight, circular 
pipes flowing full with a constant average velocity: (a) diameter 
of pipe; (b) velocity of flow; (c) length of pipe; (d) roughness of 
pipe; (e) density of the flowing sludge; and (f) yield value and 
coefficient of rigidity of the sludge. Characteristics of the sludge 
and its environment, such as particle size, concentration of sus- 
pended matter, temperature, etc., will probably affect the friction 
losses, but will be considered only in their effect on the yield value 
and the coefficient of rigidity of the sludge. All the factors listed 
above, except the yield value and rigidity, are included in the 
coordinates of a friction-factor chart, showing conditions in turbu- 
lent flow of sludge, with the provision that the viscosity of the dis- 
persion medium of the sludge must be substituted for the viscosity 
of the fluid as used in Reynolds number. It is to be emphasized 
that this statement is true only where the velocity is greater than 
critical, ie., where the flow is turbulent. In non-turbulent or 
laminar flow the conditions of Equation (1) hold. 


24. Formulation of Factors Affecting Turbulent Flow.—It has 
been found mathematically® and experimentally,” that for any 
pipe a plot of the friction factor, f, in Equation (6) on page 28, 
against the Reynolds number, as shown in Fig. 12, will show fric- 
tion losses resulting from the flow of any liquid through any pipe or 
pipes, provided the roughnesses of the various pipes are dynamically 
similar. To determine the friction factor for any pipe by the use 
of such a chart the line to be used should represent the same relative 
roughness as that of the pipe to be used. Since the chart correlates 
all factors affecting flow it would be desirable to be able to plot 
the flow of all types of sludge on a similar diagram. This can be 
done provided a constant can be found for the sludge similar to the 
viscosity of a liquid. It has been found, in this investigation, 
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from the results of about 900 tests using 8 different sludges, that 
the viscosity of the dispersion medium of the sludges tested can 
be substituted for the viscosity of the liquid in Reynolds number, 
and a friction-factor chart constructed which will be approximately 
the same as the chart obtained for a liquid. Although the viscosities 
of the dispersion media in the sludges tested are closely equal to 
that of water it is possible that similar results might be secured 
with dispersion media of higher viscosities. Tests from which this 
conclusion is drawn are described in Chapter IV. 

For sludges composed essentially of water with suspended material 
the viscosity of the dispersion medium is nearly the same as that of 
water so that any of the common hydraulic formulas can be used in 
finding the turbulent flow friction losses of a sludge. 

The use of the viscosity of the dispersion medium in place of 
the viscosity of a true liquid in Reynolds number is reasonable 
when it is recalled that in turbulent flow the frictional losses are 
due essentially to impact losses which depend only on density and 
velocity. The presence of suspended particles increases the density 
of the material, but in no way affects the basie viscosity of the 
dispersion medium. It is the viscosity of the dispersion medium 
which causes a relatively thin layer of material to move in laminar 
flow along the walls of the pipe while the material in the center of 
the pipe is flowing turbulently. In the flow of true liquids the 
thin layer at the pipe wall is called the “boundary layer.’ It is 
due to the boundary layer that the exponent of the velocity factor 
in the common hydraulic formulas is not 2, as would be expected 
if the flow were wholly turbulent. It is found, however, that for 
very rough pipes or for very high velocities in smooth pipes the 
exponent does become 2, indicating that flow is wholly turbulent 
and that frictional losses are due only to kinetic energy impact 
losses, the boundary layer having been reduced to zero thickness. 


25. Friction Factor Chart.—The most complete summary of avail- 
able pipe-flow data, prepared by Emory Kemler,!! and correlated 
on a friction factor diagram by R. J. S. Pigott, can be found in 
Mechanical Engineering, Vol. 55, page 497, 1933. A reproduction 
of this friction factor chart, suitable for use in determining friction 
factors for most types of pipes, 1s given in Fig. 12. It has been 
found in this investigation, as shown in Fig. 9 and explained in 
Section 24, that such a friction factor chart can be used for solving 
sludge-flow, friction-loss problems, provided the viscosity of the 
dispersion medium of the sludge is used in computing the Reynolds 


number. 
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TABLE 4 
Viscosiry or WATER AT VARIOUS TEMPERATURES 
32 to 125 deg. F. 
Bingham and Jackson, U. S. Bur. Stds. Bul. 14, 75, 1918. 


Temperature Viscosity Temperature Viscosity 
3 Ib. per ft. sec. deg. F. Ib. per ft. sec. 
32 12.1 X10 80 5.8 X 104 
35 11.4 X 1074 85 5.4 X 1074 
40 10.4 x 1074 90 5.1 XK 10-* 
45 9.5 X 1074 95 4.9 X 1074 
50 8.8 x 1074 100 4.6 X 10-4 
55 8.1 X 10-4 105 4.4 X104 
60 7.6 X 1074 110 4.2 X10 
65 7.0 X 10-4 115 4.0 X 1074 
70 6.6 X 1074 120 3.8 X 1074 
75 6.2 10-4 125 3.6 X 1074 


\y 


In the use of the chart the Reynolds number is first computed, 
using the viscosity of water as that of the sludge dispersion medium. 
Values of the viscosities of water at various temperatures are given 
in Table 4. Using this Reynolds number and the curve representing 
the type of conduit to be used, the corresponding friction factor, f, 
is found. The total head loss is then computed by means of the 
expression 


es (6) 


It is to be noted that for high friction factors a relatively large 
error in determining the viscosity of the dispersion medium will 
have but slight effect on_the value of the friction factor, and that» 
the magnitude of this effect is less than that resulting from a slight 
error in the assumption of the pipe wall roughness. 

Let it be required to determine the pressure required to pump 
a sludge through 4000 feet of 6-in. cast-iron pipe at the rate of 600 
gallons per minute. The characteristics of the sludge will be as- 
sumed to be as follows: t 


Sy, = 0.020 lb. per sq. ft. 
n = 0.020 lb. per ft. sec. 
p = 65 lb. per cu. ft. 


The viscosity of the dispersion medium is assumed to be the 
same as that of water. 


The temperature will be assumed to be 60 deg. F. 


—— 


TURBULENT FLOW OF SLUDGES IN PIPES 29 


The steps in the solution are as follows: 
(1) Determine the critical velocity by Equation (4); 


Ds 
15007 + 15004 9 ee 
4500 


gs = 


Dp 


0.020 X65 X 0.5? X32.2 


1500 x 0.020 + 1500 0.020?-+ 
4500 


65 X 0.5 
= 3.4 ft. per sec. 


(2) Determine velocity at which sludge will flow in pipe at specified 


rate; 
Q 600 
TV =— = =——__—_,. = 6.8 ft. per sec. 
A 0.52 X 0.785 X 60 X 7.5 


(3) If the velocity found in step (2) is less than the critical velocity 
in step (1), the laminar flow Equation (2) is used. If the actual 
velocity is greater than the critical velocity, then Reynolds number 
is computed for the actual velocity as follows: 


Find the viscosity, u, for water from Table 4 at 60 deg. F. then 


DVp 0.5 X 6.8 X 65 


be te xlOr* 


(4) Using the Reynolds number found in step (3), find the friction 
factor from Fig. 12 corresponding to a new 6-in. cast iron pipe. 


The friction factor is 
f = 0.020 


(5) Substitute this value of f in Equation (6); 


0.02 X 4000 X 6.8? 
= Ug eal = 115 feet of sludge 


0.5 X 2 X 32.2 


(6) The pressure loss is then 


AP = Hp = 115 X 65 = 7500 Ib. per sq. ft. = 52 lb. per sq. in. 
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TABLE 5 
ComMpaArRISON or Heap Losses CompuTep By Kessuer’s FoRMULA WITH OBSERVED 
Heap Losses ror Stupgr Fiowine In A 1-1n. Buack STEEL PIPE 
Sy = 0.60 lb. per sq. ft.; 7 = 0.015 lb. per ft. sec.; p = 75.0 lb. per cu. ft.; Ve = 14.9 ft. per sec. 


Head Loss Head Iose Per Cent 
: ee) ed i ft. per 100 ft. Variation 
. per sec. 
2 Equation (7) ) Oe 
15 86 87 +1.32 
18 117 120 +2.65 
20 145 145 0.00 
22 175 175 0.00 
24 200 200 0.00 
26 232 232 0.00 
28 265 270 +1.88 
30 300 310 +3.33 
32 339 349 +2.95 
34 380 390 +2.65 
36 420 430 +2.38 
38 465 475 +2.15 
40 510 520 +1.96 


It must be remembered that below the critical velocity the 
turbulent flow relationships for a sludge do not hold, and the fric- 
tion factor chart cannot be used in determining the friction loss. 
The critical velocity should always be computed by means of Equa- 
tion (4) or Equation (9), on pages 11 and 32, for the particular 
sludge in question. 


26. Exponential Type Formulas—When sludges in which water 
is the dispersion medium flow in the turbulent state, the head loss, 
expressed in feet of the flowing material, will be the same as the 
head loss for water. This is because the viscosity of the dispersion 
medium of these sludges is essentially the same as that of water. 
It was observed, from data similar to those shown in Fig. 10, that 
the head loss due to the turbulent flow of sludge is independent of 
the rigidity and the yield value of the sludge. Since water is the 
dispersion medium in the sludges shown in Fig. 10 it follows that 
the head loss due to the turbulent flow of sludge in which water is 
the dispersion medium is dependent on the characteristics of water. 
This conclusion is corroborated by the data in Fig. 9 which show 
that sludges with the viscosity of the dispersion medium the same as 
that of water, and with a density closely that of water, will have a 
friction factor for the sludge closely equal to the friction factor 
for water at equal velocities. It is to be noted also, from Fig. 9, 
that a relatively large difference in Reynolds numbers will cause 
a relatively small variation in the friction factor. Hence it can be 
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TABLE 6 


CoMPARISON oF HEap Losses OBSERVED IN CaLUMET TESTS WITH Heap LossEs 
at HIGHER THAN CriTICAL VELOCITY COMPUTED BY 
Hazen AND WILLIAMS FORMULA 


Head Loss in Feet of Sludge per 100 Per Cent Variation from 
Feet of Pipe Observed Values 
ay locity 
t. per sec. C ted 
be = Observed : 
(Sp. Gr. = C = 124 ¢ =121 
c¢ = 124 ¢ =121 1) : 
(1) @)* (3)T (4) (5) (6) 
1.5 0.14 0.14 0.14 0.0 0.0 
2.0 0.23 0.24 0.24 —4.2 0.0 
3.0 0.49 0.51 0.51 -3.9 0.0 
4.0 0.83 0.87 0.87 —4.6 0.0 
5.0 1.3 1.3 1.3 0.0 0.0 
6.0 1.8 1.9 1.9 —5.3 0.0 
7.0 2.4 2.5 2.5 —4.0 0.0 


*The figures in this column were computed by substituting the corresponding velocity from 
column (1) of this table in Hazen and Williams formula, using C as 124. This value of C was assume 


losses vary inversely as Cl and that it is possible to select a value of C between the limits of 122 and 136 
reported on page 1791 of Reference 3 that will make the computed and observed values of head 


loss agree. 
The observation of head losses in Reference 3 are reported in feet of water. The figures in this 


column were converted to feet of sludge by dividing the observed values by 1.05, the assumed specific 
gravity of the sludge. 


assumed that the friction factors for water and for sludges with 
water as a dispersion medium are closely equal at equal velocities. 
Since all factors in commonly-used hydraulic formulas are, there- 
fore, the same for water and for sludges with water as the dispersion 
medium, the head loss resulting from the turbulent flow of sludge 
with water as the dispersion medium is the same as that for the 
flow of water. 

Table 5 shows a comparison of observed velocities for the flow 
of sludge in black steel pipe with corresponding velocities computed 
by Kessler’s” formula applicable to the flow of water in black steel 


pipe; 


H 0.543 
V= s0.2p(—-) (7) 


The agreement is well within the usual limits of error experienced 
in the use of the exponential type hydraulic formulas. 
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In computing head losses due to the turbulent flow of sludge in 
cast iron pipe, Hazen and Williams formula 


H 0.54 
Vo one“ —) 0.001-°-% (8) 


with the proper value of C, may be used. Comparisons of observed 
velocities in the Calumet tests? with velocities computed by the 
Hazen and Williams formula are given in Table 6. The comparison 
shows satisfactory agreement between the observed and the com- 
puted velocities. 


27. The Critical Velocity—The critical velocity may be defined 
as the velocity at which laminar flow changes to turbulent flow. 
The equation for head loss in turbulent flow is Equation (6) which is 


Equating expressions (2) and (6) and solving for V, we obtain 


'S,pD? 
32 +82 4] xt + ul 


ve. = 9 
foD (9) 


which is an expression for the critical velocity. 


Methods for the measurement of S, and 7, the yield value and 
the coefficient of rigidity, respectively, are given in Chapter IV of 
Bulletin 319. An additional method for determining the yield value 
is given on page 37 of this Bulletin. The friction factor, f, in Equa- 
tion. (9) varies with the velocity, so that the expression must be 
solved by trial and error, first assuming a value of f, then obtaining 
from the friction factor chant the value of f for the velocity found 
in the first approximation. This second value of f is then substi-— 
tuted in Equation (9) and the critical velocity found. Usually one 
approximation is all that is necessary. 

Equations (3) and (4) are also expressions for critical velocity 
in terms of controlling factors exclusive of the roughness of the 
pipe wall, whereas allowance is made for the roughness in Equa- 
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| TABLE 7 
7 OBSERVED AND CompuTeD VALUES OF CRITICAL VELOCITY FOR Tests MaApE IN 
‘ Tus INVESTIGATION 


eee Ge 


z = ; ee cacy Velocity, Ve 
Slu y n p iameter iction - per sec. 
wake Ib. per | lb. per | Ib. per | of Pipe Factor aed 
‘ sq. ft. ft. sec. cu. ft. in. if. Cent 
(computed) | (observed) 
1 0.90 0.015 75.7 1 0.0216 17.4 17.5 —0.6 
2 0.0196 16.4 16.0 2.5 
3 0.0172 16.6 15.5 1.0) 
2 0.60 0.015 75.0 % 0.0316 14.0 14.2 —1.4 
1 0.0220 14.9 14.7 1.4 
2 0.0204 13.5 13.5 0.0 
3 0.0180 13.8 13.8 0.0 
3 0.44 0.011 73.8 % 0.0324 11.3 12.0 —-5.8 
1 0.0224 12.2 12.9 —5.4 
2 0.0208 2h 12,0 1.8 
3 0.0180 11.6 11.5 0.9 
+ 0.29 0.010 72.5 1 0.0236 10.1 £01 0.0 
2 0.0216 9.2 9.0 2.2 
3 0.0188 -5 9.5 0.0 
5 0.19 0.008 72.0 % 0.0340 7.5 ed —2.6 
1 0.0240 8.0 7.9 1.3 
2 0.0208 7.6 Te 0.0 
3 0.0176 8.0 (fais 3.9 
6 0.082 0.006 70.0 % 0.0352 5.2 5.4 -3.7 
1 0.0264 5.2 5.3 -1.9 
2 0.0216 5.1 iD 0.0 
3 0.0192 5.1 bee § 0.0 


tion (9). These equations should not be confused. Where pipe 
roughness is not considered, the critical velocity, V., may be found 
in a range between V;. and V.uc. Where pipe roughness is considered, 
the critical velocity, V., is dependent on the pipe roughness, as 
shown in Equation (9). Equation (3) shows the minimum value 
at which turbulent velocity can occur, i.e., the minimum possible 
value of V.; and Equation (4) shows the maximum velocity at 
which laminar flow can exist, i.e., the maximum possible value of Vu 
Table 7 is a summary of critical velocities computed by Equa- 
tion (9) and critical velocities for corresponding conditions observed 
in this investigation. Under field conditions the agreement between 
computed and observed values of the critical velocities cannot be 
expected to be so precise as in these tests, because, in general, the 
friction factors for pipes in the field are not so precisely known. 


28. Effect of Pipe Diameter on Critical Velocity.—lf the critical 
velocities for a given sludge are computed by means of Equation (9) 


for different sizes of pipes, a curve similar to Fig. 13 is obtained 
when the critical velocity is plotted against the pipe diameter. This 
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figure shows that for ordinary sludges (7 less than 0.030) the diameter 
of the pipe has a negligible effect on the critical velocity for pipes 
larger than 2 to 3 inches diameter. Above a diameter of 3 inches 
the critical velocity remains nearly constant for a given sludge. 
This conclusion is in contrast with what occurs in the case of the« 
critical velocity of a true liquid, which varies inversely as the pipe 
diameter, as shown by the Reynolds criterion. 

In order to show diagrammatically why the critical velocity in 
the case of sludge is not affected by pipe diameter, computations 
of velocities and corresponding head losses were made by Equations 
(2) and (6) and were plotted in Fig. 14. This figure represents 
the flow of a typical sludge in various diameters of new black steel 
pipe. The effect of pipe diameter is clearly shown. 


29. Effect of Roughness on Critical Velocity—The qualitative 
effect of roughness on critical velocity is shown by Equation (9) 
to be of some magnitude. In order to show this effect graphically 
computations were made, by Equations (2) and (6), of velocities 
and corresponding head losses for one sludge flowing in two pipes 
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of the same diameter but of different roughnesses. The results 
were then plotted, as shown in Fig. 15. 


30. Effect of Yield Value on Critical Velocity—A simple approxi- 
mate expression for determining the magnitude of critical velocity 
may be found useful in design. Such an expression can be based 
on the fact that the critical velocity for ordinary sludges, i.e., where 
7 is less than 0.030, varies roughly as the yield value, S,, for pipes 
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above 3 to 6 inches in diameter. This fact becomes evident when 
appropriate numerical values are substituted in Equation (4) as 
follows: 


S,pD°g 5 
15007 + 1500,/ 72+ 
4500 
Vas = 
OD. % 
Then if n = 0.03 
S,pD? 
45 + 1500,| 0.0009 +” : 
| 4500 
Veo. eee 
pD 


Sug \'2 
) (approx. ) 
p 
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For values of D above 3 to 6 inches the first term can be neglected, 
leaving the expression 


Sug \12 
Vue = 22.4 (=*) (10) 


p 


The precision of this expression increases as 7 decreases, as D 
increases, and as Sy, increases. The expression is presented for its 
general usefulness, but does not give precise results. In extreme 
cases it may give values of V. about 40 per cent in error, but in 
most cases the precision will be much greater. 

The yield value of sludge may be quickly and accurately measured 
by observing the depth to which a thin metallic strip will sink, due 
to its own weight, into the sludge. The yield value is obtained 
by equating the downward and upward forces acting on the metal 
strip. The downward force is the weight of the metal minus the 
buoyant force of the sludge on the submerged portion, and the up- 
ward force is the friction on the sides of the strip due to the yield 
value of the sludge. At equilibrium these forces are equal and can 
be equated, and the yield value can be computed. Equation (10) 
can then be used in computing the approximate critical velocity. 


VII. SUMMARY 


31. Practical Applications.—The formulas studied herein for con- 
ditions of flow can be used for two principal purposes: the measure- 
ment of the yield value, S,, and the rigidity, , of a sludge; and in 
the design of pipe sizes and in computing the capacity of equipment 
for conveying and pumping sludge. The factors involved in the 
use of the formulas for either of these purposes are: Del Ori, 
Sy, 7, p, and C. The nomenclature used is explained on page 9. 

In the design of pipe sizes and pumping equipment for any 
particular sludge it is necessary to know its yield value and coef- 
ficient of rigidity. Where these values cannot be measured they 
must be estimated from the assumed characteristics of the sludge 
and such data as are given in Table 8 of Bulletin 319. Because of 
the comparatively wide variations in values of S, and 7 between 
sludges with apparently similar characteristics, and because of the 
limited data available, the values of S, and 7 found in practice 
may vary considerably from those assumed in design. The designer 
should, therefore, assume values which will assure results within 
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safe limits. The field is open for further research in determining 
values of these characteristics of sludges and to correlate them with 
other characteristics. 

When S,, 7, and C are known and it is desired to determine HH; 
the remaining factors Q, L, and D must be known or assumed for 
the particular conditions. The first step is to determine the value 
of the average velocity of flow, V, from the expression V = 4Q/7D*. 
The values of Vi, V., and Vie must then be determined by sub- F 
stituting in Equations (3), (9), and (4), respectively. If V is greater 
than V, or Vue, turbulent flow exists, and H is determined as ex- 3 
plained on page 29. If the value of V is less than V, or Vi, laminar 
flow exists, and H is determined by substitution in Equation (14) 
from Bulletin 319, as follows: 


Hy Sy nV 
Sa aeey 
L 6WD | gWD? 


32. Conclusions—The work reported herein is a continuation 
into the field of turbulent flow of the work on the flow of sludges 
reported in Bulletin No. 319 of the Engineering Experiment Station 
at the University of Illinois, under the title “Laminar Flow of 
Sludges in Pipes with Special Reference to Sewage Sludge.” It is 
shown that most sludges, such as drilling muds, clay slurries, sewage 
sludges, and other aqueous suspensions of fine particles, when flowing 
in a pipe at a velocity greater than the critical, follow the funda- 
mental laws for the flow of true liquids. 

Problems involving the head loss due to friction resulting from | 
the flow of sludges at greater than critical velocity can be solved™ 
by means of a chart, such as is shown in Fig. 12, in which the fric- 
tion factor, f, in Equation (6) is plotted as ordinate against Rey- 
nolds number as abscissa. In using the chart for this purpose 
Reynolds number is computed from the expression 


Re = DVp/z 


by using the viscosity, u, of the dispersion medium of the sludge. 
With the known Reynolds number the corresponding friction fac- 
tor, f, is read from the chart and is substituted in Equation (6) to 
find the value of H/L. 


Problems involving the head loss due to friction resulting from 


| 
| 


the flow of sludges at greater than critical velocity can be solved, 
for certain types of sludges, also by means of the familiar expo- 
nential formulas, such as those of Hazen and Williams, Saph and 
| Schroeder, Kessler, etc. In order that such formulas may be ap- 
plied, the sludge must be made up of finely-divided substance dis- 
persed in water, and the velocity of flow must be above the critical. 
Effects of such factors as pipe roughness, pipe diameter, and 
the yield value of the sludge on the critical velocity are shown, and 
these factors have been formulated into the expression 
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